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The new CLEO and LEP data on the 777 and -q'^y transition form factors have renewed the 
interest in simple interpolation formulas, valid at any value of momentum transfer. We are going 
to show that recent theoretical and phenomenological results on rj-ri' mixing ^-|^ lead to two-pole 
forms, where each pole term resembles the Brodsky/Lepage interpolation formula for the tt^ case 
^ and depends on the mixing and decay parameters in a simple fashion. The parameters, entering 
the occasionally used one-pole formulas, on the other hand, cannot be interpreted theoretically in a 
simple way. 
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I. INTRODUCTION 



In 1995 the CLEO collaboration has presented their preliminary data on pseudoscalar meson-photon transition form 
factors (i.e. on the processes 77* — > P, P = tt, 77, 77', . . .) at large space-like momentum transfer, Q^, for the first time 
. One of the exciting aspects of these form factors is that they possess well-established asymptotic limits [^,^ , which 
are related to mesonic decay constants only and behave as On the other hand, at vanishing momentum transfer, 

= 0, the values of the form factors are fixed by PCAC and the chiral anomaly and appear to be proportional to 
the inverse of the mesonic decay constants. The investigation of the transition form factors between the two limiting 
cases provides important information on the wave functions of the pseudoscalar mesons. 

In case of the 7r°, where the decay constant is known from the leptonic tt decay, Brodsky and Lepage (BL) |^ 
proposed a simple parameter-free formula which interpolates between the PCAC value at = and the QCD 
prediction for — > 00 

{Crr = 1/(3V2) represents a charge factor). This formula works fairly well although it is not perfect, and may be 
used as an estimate of the 7r7 transition form factor. Since the x-dependence (where x is the usual momentum 
fraction the quark carries) of the pion's wave function seems to be close to that of the asymptotic form |l^Jll[], the 
phenomenological success of the BL interpolation formula is not a surprise. Note that the vector meson dominance 



model also provides a formula like (1.1). It is very close to the BL interpolation formula numerically since Mp 
approximately equals 271/^^. Even the pole residue agrees rather well with 6C^ numerically. 

In case of the 777 and 7y'7 the situation is more complicated due to the ij-r]' mixing which has to be taken into account 
pro perly, r] — rj' mixing has been the subject of considerable interest and being examined in many investigations, e.g. 

and references therein. Recent investigations |^ |[ have shown, that the decay constants in the ij-ij' system 
are not adequately described in the octet-singlet scheme with one and the same angle for the particle state mixing and 
the parameterization of the decay constants. As has become clear very recently [pj, a mixing-scheme where one takes 
as the basis the states according to their quark flavor decomposition is better suited for the description of the rj and 
77' decay constants and meets all theo retical and phenomenological requirements. It also allows for proper definitions 



of the desired generalizations of (1.1) to the 77 and 77' cases. We define the quark basis by the two states 77q and 77s 
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composed of the valence quarks qq = (uu + dd)/-\/2 and ss (and corresponding higher Fock states), respectively. These 
states are related to the physical states by the transformation 



The four decay constants of the 77 and r/ mesons, which are defined by 

{0\JI,\P) =trpp^, (*,j=q,s, P = 77,77'), (1.3) 
can be expressed in terms of three parameters: the mixing angle and two decay constants /q and /s, 

-u{4>) ? V (1.4) 



Here, the weak axial- vector currents are defined by J^g = (117^ 75U + d7^75d)/-\/2 and J^r, = 37^758. We repeat 
that in the conventional octet-singlet scheme the decay constants do NOT follow the pattern of state mixing, i.e. the 
angles appearing in the state mixing and in the parameterization of the decay constants are not identical . 
On exploiting the divergences of the axial-vector currents, the basic mixing parameters (j), fq and fs are fixed to first 
order in the flavor symmetry breaking. In order to take into account higher order corrections the mixing parameters 
can be determined phenomenologically. In the following values have been shown to give a consistent description 
of the available experimental data and to be in line with the constraints from the axial vector anomaly 

= 39.3° ±1.0°, /q = (1.07 ±0.02) A, = (1.34 ± 0.06) (1.5) 

These phenomenological values agree within 10% with the theoretical values |^ and with the results from chiral 



perturbation theory ||^. We will use the values given in (1.5) for the following discussion of the 777 and 77'7 transition 
form factors. In j5j it has already been found that they give a perfect description of the experimental 7^7 and 77'7 
form factor data above ~ 1 GeV^ if the form factors are calculated within the modified hard-scattering approach 
[0| and if wave functions similar to the pion one are used. 



II. GENERALIZED BL INTERPOLATION FORMULAS 



Within the qq-ss mixing scheme the following generalization of (1.1) seems to be most natural (P = 77, rj') 



+ 4^2 f2 



(2.1) 



where the charge factors are Cq = 5/9V2, Cs = 1/9. At Q2 = it reproduces the PCAC formula (see e.g. g) which 
enters the two-photon widths of the 77 and 7/ mesons. For — > 00 QCD predicts the value of the form factors in 
terms of the decay constants fp defined by ( |l.3| ). The latter represent wave functions of the lowest parton Fock states, 
qq and ss, contributing to the 77 and rf mesons, taken at zero spat ial s eparation, which appear in the perturbative 
calculation of the form factor (see e.g. Q). The numerical factors in ( ^.l[ ) are chosen in such a way that the asymptotic 
behavior, as predicted by QCD, is reproduced. 

Comparison with experiment (see Fig. |l|) reveals that the interpolation formulas ( Ll|) and (2.1) do not work badly. 
However, they should still be used with care: For momentum transfer of the order of a few GeV^ the predicted 
curvatures of the form factors are stronger than the present data exhibit. On the other hand, the predictions obtained 
within the modified hard scattering approach are in pe rfec t agreement with experiment [^p|JlO|] above 1 GeV^. 

Our generalization of the BL interpolation formula (2T) parallels the vector meson dominance model. This is so 
because the lo meson is nearly a pure qq state and mass degenerated with the p, while the ((> meson is almost a pure 
ss state. In the vector meson dominance ansatz 



E 

V — P,CJ,0 



gpvf 



(2.2) 



one can effectively combine the first two terms into one because Mp ~ M^^. This term can then be identified with the 



firs t te rm in (2.1), since Mp^j^ ~ 27r/q. The remaining contribution of the (f) meson corresponds to the second term 
in (|]^) since ~ 27r/s. Moreover, as a detailed analysis reveals, the corresponding residues in the generalized BL 
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interpolation formula and in the vector meson dominance ansatz approximately agree as well (for values of gpvy Eind 
fv see 0,0) 



Occasionally, one-pole BL interpolation formulas, like (1.1), are used for the 77 and r/ cases [|iy2|Jl8|,|l9| (see also 



the tables of particle data [^). The corresponding parameters, Cp and fp {P — r],ri'), however, have no simple 
theoretical interpretation. In particular fp, misleadingly called 'decay constant', does not represent a vacuum-particle 
matrix element of an appropriate axial-vector current and is, therefore, not related to basic decay properties of the rj 
and rj' mesons in a simple way. The requirement that the one-pole formulas interpolate between the PCAC results at 
= and the asymptotic perturbative QCD predictions, relates the parameters Cp and fp to the decay constants 
fp. Using the qq-ss mixing scheme one finds 



Cp = ^(C, + Cs /^) {Cq f],/f^ + Cs f^p/f^) 

f _ / Cq fp + Cs fp 



(2.3) 



' 'iCqfllfl + Csfl./f^ 
Despite of the fact that the parameters of the one-pole formula have a much more complicated interpretation than 



those of (2.1), the one-pole formula is of similar quality. Using, for instance, the values ( |l.5| ) for the basic mixing 
parameters to estimate C p an d /p, one obtains results from the one-pole formula which are almost indistinguishable 
from what is found from ( ^.l[ ). 

Amettler et al. |2^] also proposed a one-pole BL interpolation formula for the 777 and -q'^ transition form factors. 
Since they implicitly assumed Cp = C^, their formula only matches the PCAC result at Q'^ = while it fails 
asymptotically and, hence, at large . 

III. SUMMARY 

We have proposed BL interpolation formulas for the 777 and ?7'7 transition form factors which resemble the BL 
formula for the case. The formulas (2.1) are derived within the new mixing scheme advocated for in where the 



77 and 77' mesons are expressed as linear combinations of orthogonal states 77^ and 7;^. Only in this mixing scheme the 
decay constants fp {i = q, s, P — 77,7;') can be described in terms of two basic decay constants /q, fg and the state 
mixing angle (p. This is a necessary requirement for the BL interpolation formula to be of the desired simple form. 
It is then rather similar to the vector meson dominance model, since the vector mesons show nearly ideal mixing, i.e. 
they distinguish between the ss and qq components in a natural way. Thus, a two-pole ansatz for the BL interpolation 
formula appears to be very natu ral. Its other advantage is that the basic mixing parameters, fq,fs, 0, enter in a 



simple fashion. With the values (1.5) for the basic mixing parameters the interpolation formulas (2.1) are in rough 
agreement with the experimental data [^p| JT^Jl9| , p^ . Above — 1 GeV^ the data are much better reproduced 
within a perturbative approach [^,1). Despite of this, the interpolation formula is illustrative and may be used for 
quick estimates of the form factors. 

It is also possible to specify one-pole BL interpolation formulas for the 7^7 and 7/7 transition form factors. However, 
the parameters appearing in the one-pole formulas, have no simple theoretical interpretation; they depend on the 
basic mixing parameters in a very complicated way. In particular, the parameters fp cannot be interpreted as 'decay 
constants' as is done occasionally. 
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FIG. 1. Results for the irj, 777 and rj'^f transition form factor s calcul ated using the modified hard scattering approach with 
asymptotic wave functions, and with the interpolation formulas (1.1 2.1). The straight lines indicate the asymp totic limit. The 



parameter values are /tt = 131 MeV, (fip = 39.3°, /q — 1.07fn, fs = 1.34/^. Data are taken from ||]Jj2lll 
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